SPHERES WITH MORE THAN 7 VECTOR FIELDS: 
ALL THE FAULT OF Spin(9) 

MAURIZIO PARTON AND PAOLO PICCINNI 

Abstract. We give an interpretation of the maximal number of linearly independent vector fields on spheres in 
terms of the Spin(9) representation on R 16 . This casts an insight on the role of Spin(9) as a subgroup of SO(16) 
on the existence of vector fields on spheres, parallel to the one played by complex, quaternionic and octonionic 
structures on R 2 , R 4 and R 8 , respectively. 
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SZ 1. Introduction 

The existence of a nowhere zero vector field on odd dimensional spheres S 2n 1 C R 2n is an elementary con- 
sequence of the identification R 2n = C" and of the action of the complex imaginary unit i on the normal vector 
field N. Similarly, on spheres S' 4 ™- 1 c K 4n and S 18 ™ -1 c K 8n , one gets 3 and 7 tangent orthonormal vector fields 

{SJ from the identification R 4n = H n and K 8 " = O". Here the 3 imaginary units i,j, k of quaternions EI and the 7 
imaginary units i,j, k, e, f, g, h of octonions O are used. These numbers 1, 3, 7 give a maximal system of linearly 
independent vector fields on S" 1 ^ 1 C K m , provided the (even) dimension m of the ambient space is not divisible 

^ by 16. 

f-) The maximal number a(m) of linearly independent vector fields on S m ~ l is expressed as 

|> a(m) = 2 p + 8q-l , 

O 

i-H where a(m) + 1 = 2 P + 8q is the Hurwitz- Radon number, referring to the decomposition 



X 



(1.1) m={2k + l)2 p 16 q , whcrc0<p<3 



See |15j . |21j for the original Hurwitz- Radon proof, obtained in the framework of compositions of quadratic forms. 
See also [TU] for a simplified proof, using representation theory of finite groups. Next, [T], [5] and [3] contain the 
J. F. Adams' celebrated theorem stating that a(m) is maximal. Also, [23 j is an overview on related problems, [16] 
Chapters 11 and 15] and \n\ Chapter V] are standard references. 

The much more recent paper |19| contains a combinatorial construction of a maximal system of orthonormal 
vector fields on spheres and an updated bibliography on the subject. In [TH] a method of construction based on 
permutations of coordinates is developed, generating tangent vector fields by acting on the normal vector through 
suitable monomial matrices, that is, permutations and reflections of the coordinates. We will also proceed through 
permutations of coordinates and monomial matrices, although our main point is, as suggested in the title, to point 
out the role of the group Spin(9) in all the dimensions m that allow more than 7 linearly independent vector fields 
on S" 1 - 1 . 

In Table [A| we list some of the lowest dimensional spheres 5 m_1 C H. m admitting a maximal number a(m) > 7 
of linearly independent vector fields. 
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Table A. Some spheres S m l with more than 7 vector fields 



to - 1 15 31 47 63 79 95 111 127 ... 255 ... 511 ... 1023 . . . 2047 . . . 


ct(to) 8 9 8 11 8 9 8 15 ... 16 ... 17 ... 19 ... 23 ... 



The first of them is S 15 C R 16 , that turns out to be a homogeneous space of the Lie group Spin(9). The unique 
Hopf fibration related to octonions can be written (cf. [12]) in either of the two ways 

c8 Spin(9) »} Spin(9) 



(1.2) 



-.15 



Spin(7) 



Spin(8) 



Indeed, a construction of 8 orthonormal tangent vector fields on S C R from the Spin representation of 
Spin(9) has been our starting point, although it was not completely clear for a while how such a construction 



extends to the next significative case, namely S 



.■;ii 



C 



p2-16^ 



Accordingly, in writing the present paper we chose 



to postpone the proofs referring to arbitrary dimension after dealing with some "low dimensional" spheres, i.e. 
S* 15 up to 5 511 . However, Sectional which contains the proof of the main statements for arbitrary dimension, is 
independent of the previous sections. 

We have to mention that the framework we are going to use comes from Riemannian geometry in dimension 
16, that often refers to both the division algebra O of octonions and the Lie group Spin(9). Just to give a couple 
of examples, we quote the study of Spin(9) as a weak holonomy group on Riemannian manifolds M 16 |11| . and 
the construction of exotic manifolds in the Cayley hyperbolic setting [3] . 

Thus, we will consider Spin(9) as a subgroup of the rotation group SO(16), acting on R 16 = O 2 . It is generated 
by the block transformations 



(1.3) 



r 



i?; 



where (x,y) G O 2 , (r, u) G S s c R x O = R 9 and R^jR^ are the right multiplication on the octonions by u,u, 
respectively (cf. Section [2] and [131 page 288]). 

This approach focuses on the set of the nine self-dual involutions 

-L\ , . . . , X9 . IrL ? ML , 



defined by the nine choices (r, u) = (1,0), (0, 1), (0, z), 
condition 

1-a.lfi — —1-fl-u , 

(see [13 pages 287-289] and [TT], [20]), so that the 36 compositions X a Xp are complex structures on 
We will see how the eight complex structures J\ , . . . , Jg on R 16 defined by 



(0, ft.) in Formula (1.3 1. These involutions satisfy the 
1 < a < P< 9 , 



p!6 



'-' <:\ 



Try-La 



)16 



5 10 



1. 



play for our vector fields problem the same role as that of the action of the one complex, three quaternionic and 
seven octonionic units on R 2 , R 4 and R 8 , respectively. Indeed, we use these four kind of actions as fundamental 
ingredients in generating a set of vector fields on spheres of any dimension, see Theorems |6.6| |6.10| and |6.11| To 
our knowledge, this role of Spin(9) was never observed before. 

Our results are briefly collected in Table [B] where Q and C are linear operators defined in Remark |6.8[ , and 
Li, . . . , Lh are left multiplications. It is worth remarking that, as in the permutation of coordinates method, C((J.) 
and C(L.) are monomial matrices. 



Table B. A maximal system of vector fields on S' m x 
(to = (2k + l)2n6 ? , k > 0, p = 0, 1, 2, 3 and q > 1) 



(k,P,q) 


Sphere 


a(m) 


Vector fields 


(k,0,q) 


c(2fc+l)16' ! -l 


&q 


{QPa)}t=l,...,g 

Q=l,...,8 


(M,«) 


o2(2fc+l)16 9 -l 


8q+l 


{Ct(J a )}t-l,...,q 

a=l,...,8 

C(Li) 


(k,2,q) 


o4(2fc+l)16 9 -l 


8q + 3 


{C t (J a )}t=l,...,q 
a=l,...,8 

C(Li),C(Lj)M L k) 


(k,3,q) 


^8(2fc+l)16 9 -l 


8q + 7 


{C t (J a )}t=l,...,q 

Q = l,...,8 

C(L t ),...,C(L h ) 



For simplicity, we write C t (J) for C t (J)N and G(L) for C(L)N, where A is a normal unit vector field on S m l 



SPHERES WITH MORE THAN 7 VECTOR FIELDS: ALL THE FAULT OF Spin(9) 



The computations for S 255 and up to g 8191 were first made with the help of the software Mathematica, which 
was the heuristic tool to formulate the correct form of the conjectures that became Theorems |6.6| [tTTu] and |6.11| 

Note that in our construction the sphere 5 15 C M 16 plays a basic role. Indeed, S 15 is the lowest dimensional 
sphere which admits more than 7 tangent orthonormal vector fields. Also, S 15 is the total space of the three Hopf 
fibrations 

5 15 jS^ cp7 ^ ^is _S^ Hp3 ^ gl5 S^ s s 

Recall that the first two of them are not subfibrations of the third [TB]. However, by writing down the vector 
fields tangent to the fibers in the three cases, one sees that no combination of them allows to get the maximal 
number 8 of the orthonormal tangent vector fields on S 15 . Table [b] shows how the responsibility of such a maximal 
system on 5 15 can be ascribed to the Spin(9) structure of R 16 , and more generally it shows also how the same Lie 
group Spin(9) produces q — 1 further 8-ples of orthonormal vector fields when the dimension of the ambient space 
contains a factor 16 9 . 

On the other hand, one can observe that the space of complex structures on . 



)16 



splits, under the Spin(9) action: 



A 2 (I 



d!6\ 



= A 36 



Ag 4 = spin(9) 



Ai 4 



and that our use in Table |B| of the particular complex structures J 1; . . . , J 8 on R is just a possible choice, among 
the many ones, by suitable selections of 8 complex structures in the component spin(9) C A 2 (M 16 ), the Lie algebra 
of Spin(9). 

In Section [2] we introduce specific notations to deal with low-dimensional cases. In Section [3] we explain the 
S* 15 situation as starting point for higher dimensions. In Section |4] we show how S 31 , S 63 , S 127 and S 255 can be 
seen in this respect as a combination of what obtained on S 15 and of the standard actions of C,H, O. Section [5] 
introduces an iterative construction associated with the decomposition |1.1| of the dimension of the sphere in the 
most elementary case, that is, S 511 . In Section^ we introduce the general notation, then we state and prove our 
main statements, Theorems 6.6 6.10 and 6.11| 

Acknowledgements. The authors wish to thank Rosa Gini for her help in developing the argument in Section [6j 
and the referee for the careful reading of a first draft and for useful comments that lead us to revised proofs of the 
main statements. 



2. Preliminaries 

We briefly recall the Cayley-Dickson process, used to construct new algebras from old ones. Let A be a *-algebra, 
namely a real algebra equipped with a linear map * : A — > A, called conjugation, satisfying 



(abf = b*a* 



for all a, b £ A. Then a new *-algebra A' is defined by 



A' = {{a,b);a,be A} 



(a,b)(c,d) — (ac — d*b,da + be*) and (a, b)* = (a*,—b) 



This construction produces the algebra C from K (the linear map * on the latter being the identity), then H from 
C and O from H. We choose the standard canonical bases {1,«}, {l,i,j,k} and {l,i,j,k,e,f,g,h} for C, H and 
O respectively. In particular, we use the following multiplication table in O, where the left factor is in the first 
column. 





Table C 


. Multiplication 


in© 




1 


i 


J 


k 


e 


f 


9 


h 


i 


-1 


k 


-3 


f 


— e 


-h 


9 


3 


-k 


-1 


i 


9 


h 


— e 


-f 


k 


J 


— i 


-1 


h 


-9 


f 


— e 


e 


-f 


-9 


-h 


-1 


i 


3 


k 


/ 


e 


-h 


9 


— i 


-1 


-k 


3 


9 


h 


e 


-f 


-3 


k 


-1 


—i 


h 


-9 


1 


e 


-k 


-3 


i 


-1 



In accordance with the Cayley-Dickson process, the multiplication of elements x — h\ -\- h^e, y = k\ + fee G 
can be also viewed through the multiplication and the conjugation in H by the formula 



(2.1) 



xy = {h\kx - k 2 h 2 ) + (fe/ii + h 2 ki)e 



Note also that the conjugation in O, defined as x = h\ — h 2 e, gives the non-commutativity law xy = yx. 

Lemma 2.1. Let A n be the Cayley-Dickson algebra obtained inductively from A = M through the Cayley-Dickson 
process. Denote by a* and by 3t(a) = \{a + a*) the conjugate and the real part of elements a £ A n , respectively. 
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Denote then by [a,b,c] = (ab)c — a(bc) the associator of a,b,c e A n , and by < a,b > the scalar product in 
A n = R 2 . Then the following formulas hold good for all a, b, c G A n : 

(2.2) {ab)*=b*a*, S([o, b, c]) = , < a, b >= 5R(a&*) . 

Proof. The first and third formulas are verified by induction on n, the number of steps in the Cayley-Dickson 
process. 

To check the second formula, note that by linearity one can assume any of a, b, c to be of the form (x, 0) or (0, x), 
with x E A"^ 1 . Thus there are eight cases to be verified. Four of these cases lead to both products (ab)c,a(bc) 
of type (0, x), hence with zero real part. The case a = (x, 0),6 = (y, 0),c = (z,0) is done by induction on n. 
The remaining three cases are when two among a, 6, c are of the form (x, 0) and the third of the form (0, x). For 
example, when a = (x,0), b = (0, y), c = (0, z) one gets 3t([a, b, c]) = $ft(x(z*y) — z*(yx)) = 5R((z*y)x — z*{yx)) and 
an inductive argument gives the conclusion. □ 



We denote by L n ,R M and L 7 R° the left and right multiplication in 
representations for the right and left multiplication by i,j, k in H are 



and CD, respectively. Explicit matrix 



(2.3) 



(2.4) 



pH _ 
-ft,- — 



Lf = 



1 


\o 

f° 

i 



V° 

Although, as well-known, 



nH _ 



rl _ 



H k - 



r M — 

^k — 





1 

°\ 



-1 

0/ 
!,H and O are the only normed algebras over R, we will use for our first examples 
also the algebra S of sedenions, obtained from O through the Cayley-Dickson process. Some characterization of § 
has been given very recently in the context of locally complex algebras, cf. [8]. For further informations on S, see 
also HU and 0. 

Denoting by 1, e\, . . . , e 15 the canonical basis of S over R, we can write the multiplication table iDl where it 
appears the existence of divisors of zeroes in S: for example (e% — e\\){ej + en) = 0. 



-1 




-1 












-1 





1 










-1 




-1 


1 











\o 


1 





0/ 









-1 




1 


1 











\o 


-1 





0/ 












1 


-1\ 







-1 








\1 








0/ 







- 




-1 


-1\ 







1 








w 








0/ 













Table D . Multiplication in 


§ 












1 


ei 


e2 


e3 


e 4 


es 


ee 


e7 


es 


eg 


eio 


en 


ei2 


ei3 


e u 


eis 


ei 


-1 


e3 


-e 2 


es 


-e 4 


-e7 


ee 


eg 


-es 


-en 


eio 


-ei3 


ei2 


eis 


-ei4 


e2 


-e 3 


-1 


ei 


ee 


e7 


-e 4 


-e 5 


eio 


en 


-es 


-eg 


-ei4 


-eis 


ei2 


ei3 


e3 


e2 


-ei 


-1 


e7 


-ee 


es 


-e 4 


en 


-eio 


eg 


-es 


-eis 


eu 


-ei3 


ei2 


e 4 


-es 


-e 6 


-e 7 


-1 


ei 


e2 


e3 


ei2 


ei3 


ei4 


eis 


-es 


-eg 


-eio 


-en 


es 


e 4 


-ez 


ee 


-ei 


-1 


-e3 


e2 


ei3 


-ei2 


eis 


-ei4 


eg 


-es 


en 


-eio 


ee 


e7 


e 4 


-es 


-e2 


e3 


-1 


-ei 


ei4 


-eis 


-ei2 


ei3 


eio 


-en 


-es 


eg 


ej 


-ee 


es 


e 4 


-e 3 


-e2 


ei 


-1 


eis 


ei4 


-ei3 


-ei2 


en 


eio 


-eg 


-es 


es 


-eg 


-eio 


-en 


-ei2 


-ei3 


-ei4 


-eis 


-1 


ei 


e2 


e3 


e 4 


es 


ee 


e7 


eg 


es 


-en 


eio 


-ei3 


ei2 


eis 


-ei4 


-ei 


-1 


-e3 


&2 


-es 


e 4 


e7 


-ee 


eio 


en 


es 


-eg 


-ei4 


-eis 


ei2 


ei3 


-e2 


e3 


-1 


-ei 


-e6 


-e 7 


e 4 


es 


en 


-eio 


eg 


es 


-eis 


ei4 


-ei3 


ei2 


-e3 


-e2 


ei 


-1 


-e7 


ee 


-es 


e 4 


ei2 


ei3 


ew 


eis 


es 


-eg 


-eio 


-en 


-e 4 


es 


e6 


e7 


-1 


-ei 


-e 2 


-e3 


e i3 


-ei2 


eis 


-ei4 


eg 


es 


en 


-eio 


-es 


-e 4 


e7 


-ee 


ei 


-1 


e3 


-e 2 


ei4 


-eis 


-ei2 


ei3 


eio 


-en 


es 


eg 


-ee 


-e7 


-e 4 


es 


e2 


~«3 


-1 


ei 


eis 


e 14 


-e i3 


-ei2 


en 


eio 


-eg 


es 


-e7 


ee 


-es 


-e 4 


e3 


e-2 


-ei 


-1 



Consider now the sphere S m l C R m , and decompose m as m = (2k + 1)2 P 16 9 , where p € {0, 1, 2, 3}. First, we 
observe that a vector field B tangent to the sphere S 2 " 15 "^ 1 C R 2 " 16 ' induces a vector field 



(2.5) 



(B,...,B) 



2k+l times 

" . For this reason, we will assume in what follows that m = 2 P 16 9 . Whenever 



tangent to the sphere 5'(2fe+i)2 p i6' J 

we extend a vector field in this way, we call the vector field given by (2.5| the diagonal extension of B. 

If q = 0, that is, if m is not divisible by 16, the vector fields on S™ -1 are given by the complex, quaternionic or 
octonionic multiplication for p = 1, 2 or 3 respectively. Hence, in this paper we are concerned with the case q > 1, 
that is, m = 161. In this case, it is convenient to denote the coordinates in R 16 ' by (s 1 , . . . , s l ) where each s a , for 
a = 1, . . . , I, belongs to §, and can thus be identified with a pair (x Q , y a ) of octonions. 
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The unit (outward) normal vector field N of S™ -1 is still denoted by 

N=(s\...,s l ) where H^ 1 1| 2 + • • • + ||s'|| 2 = f . 

Therefore, we can think of N as an element of §' = (O 2 )' = R m . 
Whenever / = 2, 4 or 8, denote by D the automorphism of §' = 



(2.6) 



2 ) 1 given by 
D : ((z 1 ,*/ 1 ), . . . , (x l ,y 1 )) — > ((x\-y l ), . . . , (x l , -y 1 )) 



We will refer to D as a conjugation, due to its similarity with that in *-algebras. 
Moreover, it is convenient to use formal notations as: 



(2.7) 
(2.8) 
(2.9) 



N=(s\s 2 ) = s 1 +is 2 <=S 



:S1 



N = (s L ,s 2 , s^s*) = s 1 + is 1 + js 3 + fcs 4 e S' 

dcf 



(.:; 



N = (s\s 2 , s 3 ,s 4 , s 5 , s 6 , s 7 , s 8 ) = s 1 + is 2 + js 3 + ks 4 + es 5 + fs 6 + gs 7 + hs 8 e S 



127 



allowing to define left multiplications L in sedenionic spaces S 2 , S 4 and S 8 (like in C, H and O) as follows. 
If I = 2 the left multiplication is 



(2.10) 

whereas if I = 4 we define 

(2.11) 

and finally if I = 8 we define 



Hs\ s 2 ) 



L,(*\...y) = 
L,(,\...y)i2? 



s 2 + is 1 - js 4 + ks 3 , 
s 3 +is 4 +JS 1 - ks 2 , 
s 4 -is 3 +js 2 + ks 1 , 



(2.12) 



Ha 1 ,. 


■,s 8 ) 


Hs 1 ,. 


.,s 8 ) 


L k {s\. 


■,s 8 ) 


L e (s\. 


-,s 8 ) 


L f (s\. 


■,s 8 ) 


L g (s\. 


■,s 8 ) 


L h (s\. 


-,s 8 ) 



= - tf + is 1 - js'* + ks 3 - es 6 + fs 5 + gs 8 - hs 7 



s 3 + is 4 + js 



= - s b +is b + JS 



s 3 

ks 2 



es 



fs 8 + gs 5 + hs 6 



= — s - - is + js~ -\- ks — es + fs 



7 „„6 , hs 5 



gs + ns 
es 1 - fs 2 - gs 3 - hs 4 
is 5 + js 8 - ks 7 + es 2 + fs 1 + gs 4 - hs 3 



ks 6 + es 3 - fs 4 + gs 1 + hs 2 



-s 7 -is 8 -js 5 



is 7 - js 6 - ks 5 + es 4 + fs 3 



gs 



hs 1 . 



Note that in all three cases I = 2,4 and 8 the vector fields L. t (N), . . . ,L h (N) are tangent to S 31 , S e3 and S 127 , 
respectively. 

In accordance with its role in the Hopf fibration (1.2), Spin(9) can be also defined as the subgroup of SO(16) 
preserving the decomposition of O 2 in octonionic lines l c = {(x, ex)} and l^ = {(0, y)}, where x, c, y € O (see [12]). 
In the framework of G-structures, a Spin(9) -structure on a Riemannian manifold A/ 16 can be defined as a rank 9 
vector subbundle V C End(TM), locally spanned by nine endomorphisms I a satisfying the following conditions: 



(2.13) 



Id , 



laXp = -T-fil-a if a^ 



where I* denotes the adjoint of I a (cf. the Introduction as well as (11)). 

For M = M 16 , X\, . . . ,Xg are generators of the Clifford algebra Cl(9), considered as endomorphisms of its 16- 
dimcnsional real representation Ag = K 16 = O 2 . Accordingly, unit vectors v e S 8 C R 9 can be looked at, via the 
Clifford multiplication, as symmetric endomorphisms v : Ag — > Ag. As seen in the Introduction, the explicit way 



to describe this is by v 

by 

(2.14) 



«eS 8 c 



(that is, r € E, u € O and r 2 + uu = 1) acting on pairs (x, y) £ 



r 

It' 



—r 



where E® and R^ denote the right multiplication on the octonions by u and u, respectively (cf. [13l page 280]). 
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A basis of the standard Spin(9) structure on § 



can thus be written by looking at (2.14) and at the nine 



vectors (0, 1), (0,i), 



, (0, h), (1, 0) € S C R X O. It consists of the following symmetric endomorphisms: 







Id 



(2.15) 



X 4 = 



lr = 



Id 


J > 





-R® 


$ 








pO ■ 
-R q 


< 










x s = 



x 8 = 



RY 




-# 









-i£ 



-i? 



/?: 



Jft 



o 







Ifi = 



Xo = 





-i? 



i_ 



*5 

Id 











Id 



The right octonionic multiplications R i , . . . , R h can be written as 8 x 8 matrices using (2.1 ): 



R) 



m 







pt 



(2.16) 






iff 







Id 




pt 
-R j 

Id 



Z£ 



7-H 







i? 



i?V 



i?; 



*? 



o 



^Rf 



L 





ri 



II 



The space A 2 M 16 of 2-forms in K 16 decomposes under Spin(9) as 

A 2 R 16 



A 36' 



A| 4 



(cf. [TTJ page 146]), where A| 6 = spin(9) and A| 4 is an orthogonal complement in A 2 K 16 = 5o(16). Explicit 

dcf 

generators of both subspaces can be written by looking at the 36 compositions J a p — I a Ip, for a < /3, and at the 

dcf 

84 compositions J a ^ 7 = X Q Z / gI 7 , for a < (3 < 7, all complex structures on 



Dl(i 



Among the 36 complex structures J a p, in this paper we use only the eight J a — J Q g, whose matrix form is: 



(2.17) 



Jx 



Js 







Id 





Id 



R;: 




Ri 







R: 







•/(> 



R 



i? 







R 



— 



i_ 







■h 



R- 







i?- 



Jfc 




iZ? 







J4 



Js 







tfr 



itf 



For the matrices associated with the remaining J a p, where 1 < a < j3 < 8, see [2D] . 



i£ 




R? 



Remark 2.2. Of course, one can see the complex structures J a as defined by (2.17) on the algebra S of sedenions. 
In the following Sections [3j [4] and [5J we use the same symbol J a to denote their diagonal extensions to S z , as in 
( [275] ), so that if N = (s 1 , . . . , a 1 ) we have J a N = f (JqS 1 , . . . , J Q ,s'). □ 

Remark 2.3. As a matter of notations, it is worth to mention that, throughout the paper, letters i,j,k,e,f,g,h 
denote only units in C, EI and O. Instead, indexes are denoted by greek letters a, /?,... . □ 



Denote by 



3. The sphere S 



dcf . , dcf . 

N = {x,y) = {xi,...,x s ,yi,- 







the (outward) unit normal vector field of S 15 C R 16 = S. We point out that the existence of zero divisors in the 
algebra S of sedenions infers that left multiplications by the sedenions unities e a , for a = 1, . . . , 15, give rise to 
15 vector fields that are not linearly independent. For example, consider the normal vector b — -yse 7 + -jsen: by 

looking at Table |d| one sees that e 2 b — e 1:L 6. 

On the other hand, the identification M. 16 = O 2 gives on S 15 the 7 tangent vector fields 

L°B = (L®x,L®y) = {-x 2 ,x 1 ,-X4,x 3 ,-x 6 ,x 5 ,x 8 ,-x 7 ,-y 2 ,y 1 ,-y 4 ,y 3 ,-y 6 ,y 5 ,y 8 ,~y 7 ) 



LjB = iL.x.L^y) = (-x 3 ,X4,x 1 ,-X2,-x 7 ,~x 8 ,x 5 ,x e ,-y 3 ,y4,y 1 ,-y 2 ,-y 7 ,-y 8 ,y5,y6) 

L< k B = ( L t x ' L tv) = {- x 4,- x 3,x2,x 1 ,-x s ,x 7 ,-x (i ,x 5 ,-y4,-y3,y2,yi,-ya,y7,-y6,y5) 
(3.1) L°B = (L°x,L y) = (-x 5 , x 6 , x 7 , x 8) X!, -x 2) -x 3 , -34, -2/5,2/6,2/7)2/8, 2/i, -J/2, ~Va, -Vi) 

L°B = (L°x,L°y) = (-x 6 ,-x 5 ,x 8 ,~x 7 ,x 2 ,x 1 ,x 4 ,-x 3 ,-y 6 ,-y 5 ,y 8 ,-y 7 ,y 2 ,y 1 ,y4,~y 3 ) 
L°B = (L°x,L°y) = (-x 7 ,~x 8 ,-x 5 ,x 6 ,x 3 ,-X4,x 1 ,x 2 ,-y 7 ,-y 8 ,-y 5 ,y 6 ,y 3 ,-y 4 ,y 1 ,y 2 ) 
L°B = (L°x,L®y) = (-x 8 ,x 7 ,-x 6 ,-x 5 ,X4,x 3 ,-x 2 ,x 1 ,-y 8 ,y 7 ,-y 6 ,-y 5 ,y4,y 3 ,-y 2 ,y 1 ) 
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spanning the distribution of vertical leaves in the Hopf hbration S* 15 —> S & . Thus, any other vector field on 
S 15 C K 16 orthogonal to the 7 listed in (3.1 ) should belong to the horizontal distribution of the Hopf fibration. 

To work out a construction of 8 orthonormal vector fields on S 15 , consider (as a possible choice among the 36 
complex structures I a Ifj, a < j3) the eight complex structures given in (2.17): 

J 1 ,...,J a :S—^S . 

Proposition 3.1. The 8 vector fields 

JiN=(-yi,-y 2 ,-y 3 ,-y4,-y 5 ,-y 6 ,-y 7 ,-ys,Xi,X2,Xs,X4,x 5 ,x 6 ,X7,x s ) 

J 2 N =(-y 2 , J/1, 2/4, -2/3, 2/6, -2/5, -J/8, 2/7, -x 2 , Xl, x 4 , -x 3 , x 6 , -Xs, -xg, x 7 ) 
J 3 N =(-2/3, -2/4, 2/1, 2/2, 2/7, 2/8, "2/5, "2/6, -X 3 , ~X4, Xl, x 2 , x 7 , x s , -x 5 , -x 6 ) 

J±N =(-2/4, 2/3, -2/2, 2/i, 2/8, -2/7, 2/6, -2/5, -X4, X3, -x 2 , Xi, x 8 , -x 7 , x 6 , -X 5 ) 

^5^ =(-2/5, -2/6, -2/7, -2/8,2/1,2/2, 2/3,2/4, -X5, -X 6 , -X 7 , -X 8 , Xl, X 2 , X 3 , X4) 
^6^ =(-2/6, 2/5, -2/8, 2/7, -2/2, 2/1, -2/4, 2/3, -x 6 , x 5 , -x 8 , X7, -x 2 , Xl, -x 4 , x 3 ) 
J 7 N =(-2/7, 2/8, 2/5, -2/6, -2/3,2/4, 2/1,-2/2, -X7, x 8 , x 5 , -x 6 , -X 3 , X4, Xl, -X 2 ) 
J 8 iV =(-2/s, -2/7, 2/6,2/5,-2/4, -2/3, 2/2,2/1, -#8, -X7, x 6 , x 5 , -X 4 , -X3, X 2 , Xl) 

are tangent to «S 15 and orthonormal. 

This comes indeed as a special case of the following slightly more general proposition. 

Proposition 3.2. Fix any /3, 1 < /3 < 9, and consider the 8 complex structures I a 1p, with a / j3. Then the 
vector fields I a IpN are tangent to S 15 and orthonormal. 



(3.2) 



Proof. It is sufficient to use properties (2.131 of the symmetric endomorphisms I a . 



a 



„,1 . 1 1 1 1 1_2_2 _ 2 _ 2 2 2 

, 2/71 V&1 x i-> x 2i ■ ■ ■ , X7, x 8 , 2/1, 2/ 2 ,---, 2/7' 2/ 8 ,Xi,x 2 ,. 



2 2\ 

, x 7 , x 8 j 



11 11 _ 1 1 _ 2 2 _22_22 2 2\ 

2/ 8 ,2/7, x 2 ,x 1; -- x 8 ,x 7 , 2/ 2 ,2/i,---, 2/ 8 ,2/ 7 , x 2 ,Xi,..., x 8 ,x 7/ ) , 

1111 _1_1_ 2 _ 2 _ 2 _ 2 _2_2 _ 2 _ 2\ 

, 2/5i 2/6' x 3> X4, ..., X5, Xg, J/3 , 2/4,---, 2/5' 2/6' X 3 , X 4 , . . . , X5, Xgj 



4. Spheres S 2 " 16 - 1 , for p = 1,2,3, and S 255 

In this Section, we write explicitly maximal systems of vector fields for S* 31 , S 63 , S 127 . The proof that any of 
these systems is orthonormal is straightforward. We will also explain the S* 255 case. 

Case p = 1. The next sphere having more than 7 tangent vector fields is S 31 , whose maximal number is 9. In this 
case, we obtain 8 vector fields by writing the unit normal vector field as N — (s 1 , s 2 ) — (x 1 , y 1 , x 2 , y 2 ) € S 31 C S 2 , 
where x 1 , j/ 1 , x 2 ,y 2 € O, and repeating Formulas (3.2) for each pair (x^j/ 1 ), (x 2 ,y 2 ): 

(4.1) 

J t N= (Jis 1 , Jis 2 ) 

= {-yl,-vL- 

J 2 N=(J 2 s\j 2 s 2 ) 

= {-y\,y\,--- 

J 3 N=(J 3 s 1 ,J 3 s 2 ) 

= {-yh-vh- 
J4N = (J4S 1 , J4S 2 ) 

_ ( 1 1 1 111 1_1_22 2_2_22 2 _ 2\ 

— I 2/4' 2/3' ■ ■ • ' 2/6' 2/5' X 4 , X 3 , . . . , Xg, X 5 , 2/4' 2/3' ••■' 2/6' 2/5i x 4 , x 3 , . . . , x 6 , x 5 ) 

J 5 N=(J 5 s\J 5 s 2 ) 

= ( — 2/5' —J/6' ■ • ■ ' 2/3' 2/4' — X5, —2^6' ' 

J 6 iV=(J 6S 1 ,J 6S 2 ) 

= ( — 2/6' 2/5' ■ ■ • ' — 2/4' 2/3' — x 6 ,x 5 , . 
J 7 JV= (J7S 1 , J 7 S 2 ) 

= ( — 2/7 '2/8' ■ • • '2/l' _ 2/2' _ ^'Xg, • 

J 8 iV=(J 8 s 1 ,J 8S 2 ) 

_ / 1 1 11 1 1 11_2_2 22_2_2 2 2\ 

— I 2/ 8 j 2/71 ■•■' 2/2' 2/i' x 8 , x 7 , . . . , x 2 , x 1; 2/ 8 , 2/ 7 , • ■ • , 2/2, 2/i, x 8 , x 7 , . . . ,x 2 ,x 1 j . 

A ninth orthonormal vector field, completing the maximal system, is found using the formal left multiplica- 
tion (2.10) and the automorphism D (2.6): 

(4.2) 



11_2_2 2 2 2_2 

, X 3 , X 4 , 2/5' 2/6 ' • ■ • ' 2/3 1 2/4 , x 5 1 X 6 ' 



■•> X 4 ,X 3 , 2/6'2/5i---' 2/4,2/3' x 6 ,x 5 ,. 



2 2\ 

,X 3 ,X 4 J 

2 2\ 

X 4 , X 3 J 



1 2 2 

x 2 , 2/ 7 , 2/ 8 , 



2_2_2 2 2_2\ 

i2/l, 2/2, x 7 , X 8 , . . . , X 1; X 2 J 



D(L,A0 = D(- S 2 ,.s 1 ) = (-x 2 ,2/ 2 ,x\-2/) 
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Case p = 2. The sphere S 63 has a maximal number of 11 orthonormal vector fields. The normal vector field 
is in this case given by N = (s 1 , . . . , s 4 ) = (a; 1 , y 1 , . . . ,x 4 ,y 4 ) £ S e3 C § 4 , and 8 vector fields arise as J a N, for 
a = 1, ... ,8. Three other vector fields are again given by the formal left mult iplicat ions [2~. 1 1 1 and the automorphism 
D EM: 



(4.3) 



D(^iV) = (-x 2 , y 2 , x\-y\ -x\ y 4 , x 3 , -y 3 ) , 
T>{L S N) = (-x 3 , y 3 , x\ -y\ x\-y\ ~x 2 , y 2 ) , 
D(L fc iV) = {-x\ y 4 , -x 3 , y 3 , x 2 , -y 2 , x\ -y 1 ) . 



Case p = 3. The sphere S 127 has a maximal number of 15 orthonormal vector fields. Eight of them are still given 
by J a N, for a = 1, . . . , 8, whereas the formal left multiplications given in |2.12| yield the 7 tangent vector fields 
B(L a N), for a€ {i,...,h}. 

Remark 4.1. Up to dimension 127 the vector fields were built through the following construction: the first 8 were 
the (diagonal extension of the) J a , and the next 1, 3 or 7 respectively obtained from the C, EI or O actions by left 
multiplications on blocks of 16 coordinates, as in Formulas (2.101, (2.11), (2.12). We call those actions the block 
extensions of the original actions, and in what follows we denote the extension of A by block(-A). □ 

The sphere S 255 . To write a system of 16 orthonormal vector fields on S 255 C W 256 consider the decomposition 

(4.4) 



p256 



d16 



a 16 



and observe that both the number and the dimension of components are sixteen. The unit outward normal vector 
field can be written as 

N=(s\...,s 16 ) , 



where s , . 



.,s 



Ki 



are sedenions. 



Consider now the 16 x 16 matrices giving the complex structures J\ 



, Jg, and listed as (2.17). They act on 



iV not only on the 16-dimcnsional components of (4.4), but also formally on the (column) 16-ples of sedenions 
(s 1 , . . . ,s 16 ) T . According to which of the two actions of the same matrices are considered in E 256 , we use the 
notations 

J\,...,J% or block(Ji), . . . ,block(J 8 ) 
for the obtained complex structures on M 256 . The following 16 vector fields are obtained: 

(4.5) JxN , ... , J S N , 

(4.6) D(block(Ji)7V) , ... ,D(block(J 8 )7V) , 

where D has been defined in Formula (|2.6[) . We call level 1 vector fields and level 2 vector fields the ones given by 



(4.5) and (4.6) respectively. 

We checked by Mathematica that (4.5| and (4.6) give an orthonormal (maximal) system, but we give now an 
elementary algebraic proof. 



Proposition 4.2. Formulas (4.5) and (4.6) give a maximal system of 16 orthonormal tangent vector fields on 
S 255 . 



Proof. As in Scction[2l we denote sedenions as pairs s a — (x a ,y a ) of octonions. The unit normal vector field is 



(4.7) N = (s\. 


■,s 16 ) 


and one gets the tangent vectors: 




JiiV= (Jis 1 ,... 


,Jis l& 


J 2 N = (J 2 s\... 


,J2S 16 


J 3 N = (J 3 s 1 ,... 


,J 3 s™ 


J 4 7V= (J 4S i,... 
(4.8) 

J 5 N = (J 5 s 1 ,... 


, J4S 16 


J 6 N = (Jes 1 , . . . 


,J e S 


J 7 N = {Jjs 1 ,... 


T a 16 
, J 7 S 


J S N = (Jgs 1 , . . . 


, Jss 16 


that are easily checked to be orthonormal. 





2 or, 



S 16 ) = (^ 1 ,y 1 ,...,x 16 ,y 16 )G5' 



(-y\x\...,-y l6 ,x m ) , 



= (R?y\R?xi 
= (Rfy\R^ 

= (R%\R®x 1 

= {R° s y\Ry 

= ( R y, R y 

= (R®y\R° h xi 



k>\ 



,,Rfy™,Rfx™) 

■,<y 16 ,<* 16 ) 
.,R®y 16 ,R®x 16 ) 

.,R®y 16 ,Ry 6 ) 

.,<2/ 16 ,<* 16 ) 
■X2/ 16 X* 16 ) 



SPHERES WITH MORE THAN 7 VECTOR FIELDS: ALL THE FAULT OF Spin(9) 



Moreover, one obtains eight further vector fields: 

D(block( Ji)iV) = D(-s 9 , -s 10 , -s 11 , -s 12 , -a- 
= (-x\y\-x lo y°,-x 1 \y 1 \ 



(4.9) 



-* 12 ,y 12 , 



a 16 , s\ a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , a 8 ) 

„13 ,,13 14 14 15 15 _„16 16 



x\ -y\ x 2 , -y\ x 3 , -y 3 , x\ -y\ x \-y\ x \-y\ x \ -y\ x 8 , -y 8 ) , 



10 „9 „12 



D(block(J 2 )iV) = D(-s iu ,s 9 ,s 



,11 „14 



13 



,16 „15 



W 1 ,* 14 



2 14 

a , a ,5 , 

14 



^, S b ,-S 5 ,- S 8 ,5 7 ) 



™13 ,.13 _„16 „16 15 _„15 



= (-x iu , y iu , x 9 , -y 9 , x 1 ^, -y 1 ", -o;",y",X", -y 

- x 2 , y 2 , x\-y\x\ ~y\ -x 3 , y 3 , x 6 , -y 6 , -x 5 , y 5 , -a; 8 , y 8 , x 7 , -y 7 ) 



12 „9 „10 „15 „16 



D(block( J 3 )N) = D(-s ii , -s 12 , s 9 , s iu , s 15 , a 



,13 



,14 



- S 3,- S V,S 2 ,sV, 



-*V 



(-x 11 , „ U , -x 12 , y 12 , x 9 , -y 9 ,- 10 , V ,- 15 , V 5 ,^ 16 , -jA -x 13 , y 13 
- x 3 , y 3 , -x\ y\ x 1 , -y\ x 2 , -y 2 , x 7 , -y 7 , x 8 , -y 8 , -x 5 , y 5 , -x 6 , y 6 ) 

13 



„12 „,12 ^11 „,11 „10 „,10 ^,9 



D(block 2 ( J 4 )iV) = D(-s^, a 11 , -s w , s 9 , s ib , -«",«", -s 



- s V,-sV,s 8 ,-s 7 ,A- 



(-x 12 , y 12 , x", -y 11 , -x lu , y lu , x 9 , -y 9 , x 16 , -y 16 , -x 15 , y 15 , x 14 , -y 14 
- ^ 4 , V 4 , x 3 , -y 3 , -x 2 , y 2 , x 1 , -y 1 , x 8 , -y 8 , -x 7 , y 7 , x 6 , -y 6 , -x 5 , y 5 ) 



D(block( J 5 )N) = D(-s 13 , -s 14 , -a", -s'~,s~,s",s",s- 



,15 



„16 „9 „10 „11 „12 



. s 5 ) _ s 6 ) _ s 7 ) _ s 8 )S l jS 2 )S 3 ) 



.10 „11 



11 



(-x 13 , y 13 , -x 14 , y 14 , -x 15 , y 15 , -x lb , y lb , x 9 , -y 9 , x 10 , -y" , X" - ,, 
- x 5 , y 5 , -x 6 , y 6 , -x 7 , y 7 , -x 8 , y 8 , x 1 , -y\ x 2 , -y 2 , x 3 , -y 3 , x 4 , -y 4 ) 



,16 „15 



D(block( J 6 )N) = D(-s i4 , s id , -s ib , s 



12 11 
-S , 8 , 



S 6 ,8 5 , 



8 7 _ 2 1 _ 4 



„14 14 ^,13 



,13 



-x 16 ,y 16 ,x 15 , 



,15 



x 10 ,y 10 ,x 9 ,-y 9 ,-^ 12 ,J/ 12 



(~x ,y ,x~,-y~,-x~,y~,x~,-y 
- x 6 , y 6 , x 5 , -y 5 , -x 8 , y 8 , x 7 , -y 7 , -x 2 , y 2 , x\ -y\ -x 4 , y 4 , x 3 , -y 3 ) 



15 „16 13 



D(block(J 7 )iV) = D(-s i5 ,s lb ,s 



,14 



-a 11 ,* 12 ,* 9 ,-* 10 , 



5 , S j S , 



-a 8 ,* 4 ,* 1 ,- 



(-x 15 , y 15 , x 16 , -y 16 , x 13 , -y 13 , -x 14 , y 14 , -x 11 , y 11 , x 12 , -y 12 , x 9 , -y ; 
- x 7 , y 7 , x 8 , -y 8 , x 5 , -y 5 , -x 6 , y 6 , -x 3 , y 3 , x 4 , -y 4 , x\-y\ -x 2 , y 2 ) 



s 6 ) 



-x x \y x \ 



s 5 ) 



-x 13 ,y 13 , 



s 4 ) 

™12 



5 J ) 
™11 



•^ 2 ) 



.12 



- 10 ,y 10 , 



,15 „14 „13 



D(block( J 8 )N) = D(-s ib , -s 15 , s 14 , s 



,12 



14 „13 „,13 



.^,-a 7 ,8 6 ,8 B ,-a*, 



-s 3 ,*V) 



= (-x 16 , y lb , -x 15 , y 15 , x 14 , -y 14 , x 13 , -y 13 , -x 12 , y 12 , -x 11 , y 11 , x 10 , -y 10 , x 9 , -y 9 , 
- x 8 , y 8 , -x 7 , y 7 , x 6 , -y 6 , x 5 , -y 5 , -x 4 , y 4 , -x 3 , y 3 , x 2 , -y 2 , x\ -y 1 ) , 

similarly vcfified to be orthonormal. 

To see that each vector J a N is orthogonal to each D(block(J / 3)A^), for a, (3 — 1, ... ,8, look at Formulas (2.16) 
for R t , . . . ,i? h and write the octonionic coordinates as x A = h\ + ft^e, y p = fc^' + /c^e. Then the scalar product 
< J a N,D(block(Jp)N) > can be computed by using Formula (2.1) for product of octonions. For example, recall 
from Formulas (4.8) that 

J 8 N = (y 1 ^, x 1 h 1 ..., y 8 h, x 8 h, y 9 h, x 9 h, ..., y w h, x le h) , 

so that the computation of < JsN,D(b\ock(Ji)N) > gives rise to pairs of terms like in 



< J S N, D(block( JJN) >= $t(-(R%y l )x» - {R^x y )t + ••■) = ^{ -kk^hl - h 2 kkj ~ kh 9 k 1 - k 2 kh\ + ...) . 

To conclude, observe that the real part $K of the sums of each of the corresponding underlined terms is zero. This 
is due to the identity lk{hh'h") = $t(h'ti'h), that holds for all h, h', h" G H. D 



Remark 4.3. One can recognize that the final argument in the above proof uses the last formula in |2.1| The second 
formula in the same Lemma is also useful to check orthogonality in higher dimensions, although in Section [6] we 
will follow a different procedure. 

The same argument shows in fact a slightly more general statement: 

Proposition 4.4. Fix any f3, 1 < /3 < 9, and consider the 8 complex structures X a Tjj, with a ^ f3, defined on 
R 256 = M 16 © • • • © K 16 by acting with the corresponding matrices on the listed 16- dimensional components, that 
is, by the diagonal extension of I a Ip. Consider also the further 8 complex structures D(block(Z Q Z / 3)), for a ^ ft, 
defined by the same matrices, now acting on the column matrix (s 1 , . . . s le ) T of sedenions. Then 

{l a l p N, D(b\ock(l a l p )N)} a ^ 

is a maximal system of 16 orthonormal tangent vector fields on S 255 . 
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5. Higher dimensional examples: S 511 and S 4095 

The dimension m = 2 ■ 16 2 , that is, S* 511 , is the lowest case where a last ingredient of our general construction 
enters the scene. When q increases by 1 in the decomposition m = (2k + 1)2 P 16 9 , in fact, the conjugation is 
somehow twisted, as we will see in the following. 

Imitating what we have done up to now leads to consider the diagonal extensions of J a N (that is, level 1 vector 
fields) and the diagonal extensions of D(block(J a )7V) (that is, level 2 vector fields), together with one more vector 
field. 



To define this additional vector field we need to extend the formal left multiplication defined by Formula (2.10) 
To this aim, consider the decomposition 

R 2-16 2 =M 16 2 0K 16 2 

and denote now by s 1 , s 2 elements in K 16 ". Then use the formal notation 
(5.1) N=(s 1 ,s 2 ) = s 1 +is 2 £S 2 - 162 - 1 , 



and define a formal left multiplication L. L in M 2 ' 16 using Formula (2.10). One could then expect that D(LjiV) be 
orthogonal to {J a N, D(block(J a )7V)} a= i l ... ) 8, but this is not the case. In fact, D(LiN) appears to be orthogonal 
to level 1 vector fields, but not to level 2 vector fields. Why this happens, will be clear in Section [6| 

To make everything work, we need to extend not only Li, but also the conjugation D. To this aim, split elements 
s a € M 16 as (x a ,y a ) where x a ,y a € K 16 / 2 , and define a conjugation D2 on K 16 using Formula ( |2.6[ ): 

(5.2) D 2 : ((Z 1 , y 1 ), (x 2 , y 2 )) — > {{x\ -y 1 ), (x 2 , -y 2 )) . 
The additional vector field we were looking for turns out to be D(D 2 (LjiV)): 

Theorem 5.1. A maximal orthonormal system of tangent vector fields on S 2le _1 is given by the following 8-2 + 1 
vector fields: 

J X N , ... , J 8 N , 

(5.3) D(block(Ji)iV) , ... ,D(block(J 8 )A0 , 

D(D 2 (LiN)) 

Proof. This statement was first verified through a Mathematica computation, like the statements for higher di- 
mensions entering in the following Remark. For the mathematical proof, we refer to the more general arguments 
in Section [6J □ 

Remark 5.2. In a completely similar way, we obtain a maximal orthonormal system of tangent vector fields on 
S 2 16 _1 , S 2 16 ~ x and S le ~ 1 . For instance, the maximal system on S 16 _1 is given by: 

JiN , . . . , J 8 N (level 1) , 

(5.4) D(block(Ji)AT) , ... , D(block( J 8 )N) (level 2) , 

D(D 2 (block(J!)^) , ... ,D(D 2 (block(J 8 )iV) (level 3) , 

where diagonal extensions have been used for D and D 2 . 

6. The general case 

In this Section, we will give a (maximal) orthonormal system of vector fields on any odd-dimensional sphere. 
To this aim, for any even to S N, we identify (linear) vector fields on S m ~ l with skew-symmetric to x m matrices, 
that is, with elements of so (to). The orthogonality condition between vector fields A, B g so (to) turns then into 
AB + BA = 0, and a vector field A £ so (to) has length 1 if and only if A 2 = — Id m . In this way, we get rid of the 
normal vector field N used in Sections up to [5j 

Let A = (a a p) a ./3=i...., m G Mat m be an m x m matrix, and let diag m ra ,block m „ : Mat m — > Mat m „ be given 
respectively by 

def ( A \ 

diag mn (A) = '., , blockm^A) = (a a pldn)a,fi=l,...,m 

V a) 

Thus, &ia,g mn (A) is defined by n 2 blocks to x to, whereas block m! „(A) is defined by to 2 blocks nxn. The diag m „ 
and block m! „ operators formalize the blockwise extension of the action of A on M. m to R mn , seen as (M. m ) n and 
(R n ) m respectively. In particular diag m n is what we have called the diagonal extension, and block mn is what we 
have called the block extension in the previous sections. 



For instance, if J\ is the first matrix given in Formula (2.171, then 

'J x 0\ j ul , (0 -i\ ( -Idi 6 

lie 



diagi 6j2 (Ji) = ( Q j J and block 2> i 6 . 1 () , - . L] () 



are nothing but the matrix of the linear operators J\ defined as first member in Formula (4.1) and Li defined in 



Formula (2.10) respectively. 
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Remark 6.1. In this section, Ji, . . . , J$ denote always the 16 dimensional matrices given by Formulas (2.17) 



Observe also that any A € so (m) induces two vector fields in any dimension multiple of m: dia,g m n (A) and 
block m .„, both in so(mn). 

Next Lemma collects properties of diag and block that we will need. 

Lemma 6.2. (1) If rn < ml and mn = m'n' , then diag m n = diag m / n > o diag „/ . 

(2) diag and block are algebra homomorphisms. 

(3) Let A = diag m n {A') and B = block n>m (5')- Th -en AB = BA. 

(4) diag and block commute: 

diag, mn o blocks = block/„ jm o diag,„ . 

Proof. Proof of points [T] and [4] reduce to the definition of diag and block. Point [2] reduces to the fact that sum 
and multiplication of block matrices respect the block decomposition. As forpl if B' = (& a ,8)a„8=i, ...,«> we have: 

• • • bi n Id m \ ( A'bn Id m . . . A' bin Id„ 





K A'b n l Idm ■ • ■ A'b nn Id I; 

'buId m A' ... bmld m A'\ 

: ••• : \=BA 

ybnl Id m A' ... b nn Idm A! ) 



n 



Remark that for commutation to work in Lemma 6.2 3J), m and n must be swapped 



Using the diag and block operators, we can now formalize the conjugation used in the previous sections. 
Definition 6.3. Let stN. Then 

C = (J °A € Mat 2 , D s ^ block 2 i|i (C) € Mati 6 a . 

Remark 6.4. The matrix D s swaps the signs of the last if- coordinates of a vector in R 16 . Using this notation, 



the matrix of the conjugation D defined in Formula (2.6) becomes diag 16 ;(Di), and the matrix of the conjugation 



D2 defined in Formula (5.2) becomes diag 16 2 2(02). Q 



The basic block of our construction is the case m — 16 9 , and this is done in the next subsection (Theorem 6.6) 
The case m = 2 P 16 9 for p = 1,2,3 is done after the next subsection (Theorem |6.10l, and the general case 



m = (2k + 1)2 P 16 9 will follow (Theorem 6.11). All the lemmas used in these 3 theorems are collected at the end 
of the paper. 

The case S 16 " -1 , for q > 1. 

Definition 6.5. Let s, t € N, where t > 2 and s = 1, . . . , t — 1. Then 

dcf 

D M = diag 16S)16 t-.(D s ) e Mati 6 * . 

With this notation, the cases q = 1,2,3 described in Sections [3j [4] and [5] becomes then: 

• If q = 1, a maximal system is given by vector fields of level 1, that is { Ji, . . . , Js}- 

• If q = 2, we have vector fields of level 1 given by diag 1616 ({Ji, . . . , Js}), and vector fields of level 2 given 
by D 2 ,iblocki 6: i 6 ({ Ji, . . . , J 8 }). 

• If q = 3, we have level 1 vector fields given by diag 16 162 ({Ji, . . . , Jg}) and level 2 vector fields given 
by diag 16 2 16 (D 2i iblock 16:16 ({J 1 , . . . , J 8 })). Moreover, we have 8 further level 3 vector fields given by 
D3,2D 3i iblock 16il6 2 ({ Ji, ..., J 8 }). 

Denoting the product of conjugations by 
,„ ,-, , , ^ drf I Idi6 if t = 1 , 

(6 - 1) Matl " 3C ' = lr£ I ,D«, if*>2, 

we can state the general theorem for S 16 _1 . 

Theorem 6.6. For any q>l, the 8q vector fields on S 16 _1 given by 

dcf 

{B q (t, J a ) = diag 16t i 6a -t(Ctblock 1616 i-i(J a ))}t=i,... ig 

a=l,...,8 



maximal orthonormal set. 
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Proof. If q = 1, then B q (t, J a ) = J a and the statement reduces to Proposition 3.2 Thus, assume that q > 2. 
Choose vector fields B q (t, J),B q (t', J'), and assume with no loss of generality that t < t' . Then, observe that 

B q (t, J)B q (t', J') = diag 18M6 ,_, (Qblock 16)16t -i (J))diag 16 t/ )ie ,_t/ (CVblock^^^ (J')) 

= diag 16 t' !l6a _ t /(diag 1 et )16t '-t(C t blocki 6i i 6 t-i(J))Ct'block 16]16 t'-i(J )) . 
Thus, it is enough to consider the case t' = q. We are then reduced to show that, for any q > 2 and J, J' € 

{Ji,...,j s y. 

(1) B q (t, J)B q {q, J') + B q {q, J')B q {t, J) = for 1 < t < q and (t, J) ^ (q, J'); 

(2) B q (q, J) is an almost complex structure. 

We divide the proof of (1) in the cases 1 < t < q — 1 and t = q. 
H 1 <t < q— 1, we have 

B q (t, J)B q (q, J') = B q {t, J)C,jblock 16a6 ,-i (J') 

9-1 

= B q (t, J) Yl D g , fl block 16il6 ,-i(J') 

9-1 

^H D g>s B q (t, J)D g , t block 16il6a -i (J') 

s=l 
9-1 

^- [] V q ,sB q (t, J)block 16)169 -i(J') 

9-1 



" - II D 9jS block 16)165 -i ( J')S 9 (t, J) = -B q (q, J')B q (t, J) 



If t = q and J ^ J', we have 

B q (q, J)B q {q, J') =C g block 16]16g - 1 (J)C g block 16)16 ,-i (J') 
^C q C g block 16il6 ,-i ( J)block 16!l6 ,-i (J') 
= C q C q b\ock WA6q -i(JJ') 
= C q C q b\ock 16A6q -i(-J'J) 
^P-Cgblockie^g,-! (JOCgblockie,^,-! (J) = -B 9 (g, J')S 3 (g, J) . 
Finally, the case t = q and J = J' . We have to show that B q (q, J) is an almost complex structure. We have 
B q (q,J)B q (q,J) = C g blodk l6A6q -t(J)C q b\ock 16Am -t(J) 

= C,jC g block 16il6g -i(J J^-Idi 6 g . 

D 

Remark 6.7. From the proof, it appears that for any t = 1, . . . ,q — 1, the level £ conjugation T) qt makes level q 
vector fields B(q, J a ) orthogonal to level t vector fields B(t, Jp). □ 

Remark 6.8. Overloading the symbols Ct and C, the linear operators used in Table [B] in the Introduction can now 
be defined by 

C t : Mati 6 — > Mat( 2fc+ i)2Pi6? 

A 1 — > diag 16t)(2fe+1)2P i 69 -t(Ctblock 16)16t -i(A)) 

and by 

C : Mat 2P — > Mat( 2fe+ i)2Pi6? 

A\ — > diag 2P16 , 2A;+1 (diag 16 , 2P (C g )block 2 P,i 6g (A)) . 

□ 

The case S 2 16 , for p = 1,2,3. When p — 1, 2 or 3, we have 1, 3 or 7 additional vector fields, given essentially 
by the complex, quaternionic or octonionic multiplication L c ,L m or L° respectively. Thus, to state the Theorem 
we give the following definition. 

Definition 6.9. 

G 1 d = f {If} C Mat 2 , G* £ {Lf, L* Lf) C Mat 4 , G* d = f {if, 1°, L° k ,L®, L% L° L®} c Mat 8 . 
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Theorem 6.10. For any q> 1 and p — 1,2 or 3, the 8q + 2 P — 1 vector fields on S 2 16 _1 given by 

{B™(t,J a ) = diag 16 , 2P (£?«(*, J Q ))} t =i,...,, 

Q=l,...,8 

{i^(G) d =diag 169i2P (C g D g )block 2Pil69 (G)} Gea , 
are a maximal orthonormal system. 

Proof. The orthonormality for {L p ' q (G)}cegp 1S a direct consequence of Lemma [6.2p l)(p|, the orthonormality of 
Q p : and the fact that diag 16 „ .2p(C 9 D 9 )diag 16g2 p(CgD g ) = Id 2P i 6 <j. 
The orthonormality for {B p ' q (t, J a )} t=i,...,q follows from Theorem 



6.6 



We are then left to show that B p > q (t, J a )L p > q (G) + L p ' q {G)B p > q (t,J^j = 0, for t = 1, . . . ,q and a = 1, . . . , 8. 
But 

SP^(t,J Q ) J LP^(G)=diag 16 , !2P (B9( ij j Q ))di a g 16g2P (C g D g )block 2P , 16 ,(G) 
di&g 16gap (B q (t,J a )C q F> q )b\ock 2 PS6 q {G) 

I6H1 



=' - diag 16 „ 2P (C q D q B q (t, J Q ))block 2Pi i 6 <,(G) 



= - diag 16 , 2P (C,jD (Z )diag 16g:2 p(S <? (t, J Q ))block 2Pj i 6 ,(G) 



^ -diag 16 , i2P (C 9 D g )block 2P , 16 ,(G)diag 16g:2P (S'?(t, J a )) = -L pq (G)B p - q (t,J a ) . 

a 

The general case: S m_1 for any even m. Defining Q° = 0, we can state the general case S™ -1 , m = 
(2k + l)2 p 16 9 , in one single Theorem: 

Theorem 6.11. For any k > 0, q > 1 and p = 0, 1,2 or 3, the 8q + 2 P — 1 vector fields on g(2fc+i)2 p i6 9 -i gj iVen ty 
{B k < p > q (t, J a ) = diag 16 f (2fe+1)2P16 ,- t (C t block 16>16 t-i ( J a ))} t=i,..., q 

a— 1,...,8 

{L k ' p ' q {G) = diag 2P16 , 2fc+1 (diag 16 , 2P (C,j)block 2P! i 6 ,(G))}Geep 
are a maximal orthonormal set. 
Proof. Follows from Theorems 6.6 6.10 and property (pi) of diag in Lemma 6.2 



□ 



Lemmas. In this last subsection, we collect all the lemmas appearing as references in the equalities to prove 
Theorems 6.6| 6.10 and 6.11 



Lemma 6.12. Let q > 2 and 1 < t < q— 1. Then B q (t, J) and block 16 16g -i(J') commute. 
Proof. Follows from the fact that B q (t, J) £ Im(diag 16 ,,-i 16 ) (Lemma 6.2 I])) and Lemma 6.2 '3). 
Lemma 6.13. Let q > 2 and 1 < t < q— 1. Then T) qt and block 16 16 g-i(J) commute. 
Proof. Follows from the fact that D qt € Im(diag 16 ,-i 16 ) (Lemma 6.2 [I])) and Lemma 6.2 31). 
Lemma 6.14. Let q > 2, 1 < t, s < q — 1 and s =£ t. Then D ?jS and B q (t, J) commute. 



a 



a 



6.2 



Proof. Assume s > t. Then the claim follows from Lemma 
and B q (t, J) £ Im(diagiei 2 . 16 <,- s ) (Lemma 6.2 I])). 

If s < t, we use Lemma 6.2 II) to write D 9iS = diag 16 t 16 ,-*(Dt jS ), so that 

J6.2|2| 

^> q , s B q {t, JJ-^^diag 16 t ]16 ,-t(D t]S C t block 16]16t -i(J)) 
= diag 16M6 „- t (CjD M block 16il6 *-i (J)) 

= diag 16 t 16g -t(C t block 16!l6 t-i(J)D t)S ) 
= B q (t,J)B q , s , 

where Cj and D ts commutes since they are both diagonal matrices. 

Lemma 6.15. Let q > 2 and 1 < t < q. Then D qt and B q (t, J) anticommute. 

Proof. 



3]), writing D 9]S = block 2 . 16 ,_ s i|^(diag 2 16 ,- 3 (G)) 



□ 



D q jB q (t, Jf^"^diag 16 t ]16 ,-t(D t C t blocki 6i i 6 t-i(J)) 
= diag 16 * 164r _ t (C t D t blocki 6) i 6 t-i(J)) 
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where Ct and D t commutes since they are both diagonal matrices. We are thus reduced to show that D t and 
block 16 igt-i ( J) anticommutes. But using the explicit expressions given in Formulas 
block 16 16 t-i(J) as 



2.17 



for the Js, we can write 



blocki 6) i 6 t-i ( J) = < 






block 816 t-i 


OCks.iBi-iCii ) 





-IdieiX 




li«* o j 






,M 



and in both cases a block multiplication by hand shows that D t block 16 16 t-i(J) = — block 16 16 t-i(J)D t . 
Corollary 6.16. Let q > 2 and 1 < t < q — 1. Then C q and B q {t, J) anticommute. 



Proof. Follows from the Definition (6.1) of C„ and Lemmas 6.14 



6.15 



Lemma 6.17. Let q>2 and 1 < t < q — 1. Then D 9it D gjt = Id 



116«- 



Proof. Follows from Lemma 6.2 2l) and from C 2 = Id2. 

Lemma 6.18. Let q > 1 and 1 < t < q. Then B q (t, J) and C q D q anticommute. 

Proof. If q = 1, then B q (t, J) = J and C 9 D 9 = Di anticommute, as in proof of Lemma 
If q > 2, then split the proof in cases 1 < t < q — 1 and t = q. 
If <7 > 2 and 1 < i < g — 1, use Corollary 



□ 



□ 



□ 



6.15 



ith t = 1. 



6.16 



to show that B q (t,J) and C 9 anticommute. Then, write 



B q (t, J) £ Im(diagi69 2 ) and use Lemma 6.2 3l) to show that B q (t, J) and D q commute 



J. Diff. Geom. 63 (2003), 41-62. 
in Algebra 36 (2008), 632-664; 



If q > 2 and t = q, use Lemma 6.13 to show that B q (q, J) and C q commute, and finally apply Lemma 6.15 with 
t = q to show that B q (q, J) and D q anticommute. □ 

Remark 6.19. It would be interesting, but we were not able, to compare the maximal systems of vector fields 
constructed in the present paper with the ones appearing in previous constructions, in particular with the vector 
fields obtained in [!§] . 
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